Abstract. The interaction of atoms with ultrafast, counterpropagating optical fields is considered. The magnetic degeneracy and hyperfine splitting of the atomic levels are included in the calculations, which are carried out for arbitrary polarizations of the incident fields. The counterpropagating fields produce spatial harmonics in the ground state density matrix (gratings) which can be monitored by backscattering of a traveling wave probe pulse. Two types of excitation schemes are analyzed. The Magnetic-Grating Free-Induction Decay (MGFID) consists of excitation with a single counterpropagating wave field, while the Magnetic-Grating Echo (MGE) involves excitation by two counterpropagating wave fields, separated in time by T. The atomic response to the probe pulse is calculated in lowest-order perturbation theory for atoms cooled below the Doppler limit of laser cooling. Both the MGFID and MGE signals consist of pulses having a duration of order of the excited state lifetime, modulated at frequencies corresponding to the various hyperfine transitions. As a function of the delay between pulses, the signals oscillate at frequencies determined by the ground state hyperfine splittings. General expressions for the MGFID and MGE signals are derived and specific results are presented for the D2 line in Na. PACS: 42.50.Md, 42.65.Re, 32.00 The resonance interaction of atoms with radiation fields can lead to the creation of macroscopic optical dipole coherence as well as spatially modulated ground and excited state populations and magnetic state coherences. Observation of the decay of these quantities provides information about relaxation in the medium. Monitoring of the ground state is of special interest owing to its long lifetime and high sensitivity to slow relaxation processes.
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The resonance interaction of atoms with radiation fields can lead to the creation of macroscopic optical dipole coherence as well as spatially modulated ground and excited state populations and magnetic state coherences. Observation of the decay of these quantities provides information about relaxation in the medium. Monitoring of the ground state is of special interest owing to its long lifetime and high sensitivity to slow relaxation processes.
Spatial harmonics of atomic populations (gratings) can be produced by the nonlinear interaction of counterpropagating radiation fields with the atoms. The time development of the spatial harmonics is extremely sensitive to velocity-changing processes such as collisions, atomic recoil on the absorption or emission of radiation and acceleration in an external field. An effective means for probing the ground state gratings is the so-called Grating-Stimulated Echo (GSE) [1] . The physical mechanisms that gives rise to the GSE signal is the same or similar to those responsible for two-photon echoes [2] , interference of matter waves [3] [4] [5] [6] , atomic interferometry [7 9 ] and echoes in standing wave fields [10] [11] [12] [13] [14] [15] .
A complete theory of the GSE requires one to take into account the internal structure of the levels, including magnetic state degeneracy and fine or hyperfine splitting. In addition to ground state population gratings, magnetic alignment or orientation ground state gratings can be induced when polarized counterpropagating waves drive transitions between different ground or excited state sublevels. The ground state gratings can be probed with a traveling wave pulse, resulting in coherent emission which can be distinguished from the probe by its direction of propagation and polarization [16] . In a previous article [16] two specific excitation-detection schemes were described. In the Magnetic-Grating Free-Induction Decay (MGFID) a pulse of counterpropagating waves produces a coherence among ground state magnetic sublevels having a spatial dependence that varies as exp (J= 2ikz) where k = k~ is the wave vector of one of the fields. Following some delay tp, a traveling wave pulse is used to probe the gratings. Since the grating decays on a time scale of order (2ku)-1 (u = most probable atomic speed) owing to Doppler dephasing, the MGFID can probe only those relaxation processes with t<(2ku) -1.
This time can be extended if one uses two pulses of counterpropagating waves, separated in time by T [Magnetic-Grating Echo (MGE)]. These pulses lead to a dephasing-rephasing of the second harmonic of the ground state magnetic coherence which is subsequently probed by a traveling wave pulse at time t~2T. In this manner, the Doppler dephasing is effectively canceled. As a consequence the MGE can be used to probe ground state relaxation for time scales T>>(ku) -~.
In [16] it was assumed that the excitation had a sufficiently long temporal width to insure that the optical coherence and excited state density matrix adiabatically followed the incident fields. The opposite limiting situation is the subject of this article. We consider MGFID and MGE excited by ultrafast pulses, having a temporal width that is smaller than all other relevant times in the problem, such as the inverse hyperfine splitting of the levels, (2ku)-~, excited state lifetime F-1. Our discussion is limited to situations in which F/ku>> 1, applicable for atoms cooled to or below the Doppler limit of laser cooling [17] . In this limit the coherently emitted signal induced by the probe pulse has a temporal width of order F-1. The hyperfine splitting can be resolved after spectral decomposition of the signal if F is smaller than this splitting. Thus, one has a direct method for measuring hyperfine splittings. In comparison with other coherent transient techniques [18] , the MGFID and MGE benefit from the fact that the signals have a temporal width much larger than that of the probe pulse, propagate in a direction opposite to the probe and can have a polarization orthogonal to that of the probe.
In Sect. 1 we outline the calculations and give final expressions for the MGFID and MGE signals in a perturbation theory limit. Details of the calculations are presented in the Appendix. Section 2 is devoted to a discussion of the main features of the signals, including the results of a computer calculation applicable to the D 2 line of Na. These calculations serve as a basis for future planned calculations in which strong field effects and relaxation processes will be included.
MGFID and MGE signals
We consider the interaction of an ensemble of atoms with one or more radiation pulses. The pulse centered at t = h has an electric field which can be written as
and ~,(t) is a pulse envelope function centered at t=0 having a temporal width r. The quantities E~, £2~, k j, e~ j) are the amplitude, frequency, wave vector and spherical component of the polarization vector of field j, and ~' is a unit polarization vector, defined as ~q = T(~:+i~)/~, eo=~.
It is seen from (1) that each pulse actually consists of a superposition of two pulses incident from different directions. The pulses interact with atoms having nuclear spin I and whose ground and excited states consist of manifolds of fine and hyperfine levels. The total electronic angular momenta of the ground and excited states are denoted by J and J', respectively, while the total angular momenta associated with ground and excited state hyperfine levels are denoted by G, G', etc. and by H, H', etc., respectively (Fig. 1) .
The pulse duration r is assumed to satisfy
where coev, = (Ee-Ee,)/h, Ev is the energy of state F, F is the rate of spontaneous decay of the upper level, and u is the most probable atomic speed. This inequality permits one to neglect the decay, hyperfine splitting and atomic motion during the pulses and consider the field to drive a transition between the two levels having angular momenta J and J'. On the other hand, one must account for decay, hyperfine splitting and atomic motion in the field-free intervals between the pulses. Using a representation of the density matrix in which electronic momenta and nuclear spin are decoupled to evaluate the atomic response during the pulses and one in which they are coupled to evaluate the response in the field-fiee intervals greatly simplifies the calculations (see Appendix). Consider the interaction of the atoms with the pulse centered at tl=0, consisting of two waves counterpropagating along the z axis (ki=kiL kl=-k2 =k).
(The more general case of arbitrary kl and k: is treated in the Appendix.) After the pulse, the excited state decays owing to spontaneous emission. Following this decay, the ground state density matrix Q can still retain a memory of the atom-field interaction, including a spatial modulation induced by the counterpropagating waves. In the limit of weak excitation fields, one finds that the ground state density matrix contains a modulated component which, in the atomic rest frame, varies as e(z, t) oc exp (-2ikzo),
where v is z-projection of the atomic velocity and zo = z-vt is the z-coordinate at the time of the interaction with the pulse. The v-dependence of the harmonic (4) implies that the ground state density matrix can be used to monitor velocity changes that occur on a time scale given by some effective ground state lifetime. For the spatially modulated term (4), the time scale is set by (ku) -~, the inverse of the inhomogeneous width associated with the atomic velocity distribution. Even for atoms cooled below the Doppler limit, such that ku<<V,
the coherence time (ku)-* can be much smaller than some intrinsic ground state lifetime determined, for example, by the time the atom spends in the interaction volume. Thus, it is necessary to eliminate effects related to inhomogeneous broadening if the ultimate sensitivity to small velocity changes is to be obtained. The echo technique allows one to achieve this goal. Following a two-quantum interaction with the first pulse, centered at tz = 0, and a four-quantum interaction with the second pulse, centered at t2 = T, the ground state density matrix has components varying as
The term involving kj~j, is associated with the first pulse and that involving kj,j, + k~,j° with the second. To suppress the limitation on observation times imposed by inhomogeneous atomic velocity distribution it is necessary that the total Doppler phase vanishes, i.e., kj~j2t + (kj3j4 4-kjsj6 ) (t-T) = 0. (7) For reasons, discussed below, related to probing the ground state distribution, we also require that (6) corresponds to a spatial harmonic varying as exp (~ 2ikz). This requirement leads to the condition k~,~ + k~,~, + k~,~ = :~ 2k.
To satisfy both (7) and (8) for times t > T, one must have k~d ~ = -k~;4 = -ka~;6 = ± 2k.
For either sign, the echo occurs at t=2T. (10) In what follows, it is important to underline the fact that this echo occurs only if the "wave vector" change during the interaction with the second pulse satisfies
The ground state density matrix elements (4) and (6) can be monitored by backscattering a probe pulse off the sample. The probe pulse is a traveling wave having electric field vector
frequency £2p, wave vector kp, amplitude gp, polarization components e~ v) and envelope function ¢/p. If this pulse is centered at a time lp where the velocity-averaged second harmonics (4) or (6) are nonvanishing, and if the pulse propagates along the z-axis (kp = kz) then it induces a polarization wave, propagating in the -~ direction. General expressions are derived in the Appendix for a quantity ~ defined by
where ~ is the positive frequency component of the polarization and g~ is a complex unit vector. The quantity ~ is the component of ~ in the direction g~ that we choose to measure the signal's polarization. The signal resulting from the backscattering of the probe is proportional to I~s] 2, but we will simply refer to 9a~ as "the signal". If the atoms are in equilibrium before the action of the pulses, one obtains an MGFID signal
where
LK(G,
and an MGE-signal
There is a summation convention implicit in these and subsequent equations in which repeated indices and symbols appearing on the right-hand side (rhs) of an equation are to be summed over, except if they also appear on the left-hand side (lhs) of the equation. All quantities in these formulas are defined in the Appendix. We refer to the quantities Pro and P~o as the average MGFID polarization and MGE polarization, respectively, for the H~ G transition. The quantity B is the ground state hyperfine splitting constant and the sums in (14b) and (15b) are consistent with the delta functions in (14e) and (15e). From (14b) and (15b) with amplitudes denoted by P~)G and /~}~b m), respectively.
Discussion
As was mentioned before, the MGFID and MGE signals have a duration of order F-2. Each term in the sum over G and H in (14a) and (15a) corresponds to radiation on the transition H~G. The hyperfine structure can be resolved if F is smaller than the hyperfine splittings.
The radiation intensity for a given component is determined by the absolute square of the quantities in the lhs of (14b) and (15b). They are oscillatory functions of the delay between pulses T and the time tp, having a characteristic period related to the inverse ground state hyperfine splitting. Consider, for example, the MGFID. The first pulse, having duration smaller than inverse hyperfine splitting, induces both diagonal and off-diagonal ground state density matrix elements, 0(G, G) and 0(G, G'). Following the excitation pulse, the coherence 0(G, G') oscillates at frequency o)aa, , acquiring a phase ~0=c%a,t p at the time tp at which the probe pulse acts. One Can neglect any transient response during the temporally narrow probe pulse. As a result, the phase cp is transferred from the ground state density matrix ~(G, G') to the optical coherence ~(G, H), which leads to quantum beats in the signal at frequency coaa,.
The final expressions (14) and (15) Since the hyperfine interaction is frozen on the time scale of the ultrafast pulses, the results for Na can be expected to be similar to those for other alkali elements having the same electronic angular momenta of the ground and excited states. Consider, qualitatively, the interaction of an ultrafast pulse of counterpropagating waves on the J= ½ ~ J'= ½ transition. Two particular cases are shown in Fig. 2 , a +-a-and lin J-lin configurations. The a + -a-excitation pulse leads to a spatially modulated alignment 0 22 (0~ are components of the density matrix in an irreducible tensor basis), indicating a coherence between magnetic sublevels having Am = -4-2. For a J = ½ to J' = ~ transition, alignment can be produced in the excited state only. Following the excitation pulse, one must recouple the electronic and nuclear angular momenta. The alignment in the J'= 3A states then translates into an alignment of the various excited state hyperfine levels. This alignment can then be transferred to the ground state hyperfine levels via spontaneous emission. The backscattering of the probe field from this ground state alignment grating leads to the MGFID signal.
The a +-a-excitation scheme does not lead to a MGE in Na. This result can be understood if one recalls that the second excitation pulse at t = T must change the "wave vector" of the grating by -4-4k (11) . To obtain this change in the density matrix, one needs a change of :t: 2k in the state amplitudes. It is evident from Fig. 2a that for an arbitrary mixture of the ground state magnetic sub-levels, such a change cannot occur• Thus, the absence of two-quantum driving of the ground state by counterpropagating waves leads to the absence of the MGE on the transition J= ½ --, J' = ½ for ~ + -~-pulse configurations. Two-quantum driving becomes possible in the case of lin 2 lin pulse configuration (Fig. 2b) and it results in a MGE signal.
It might be noted that an amplitude picture is useful for a quantitative solution to the problem, since there is no relaxation during the atom field interaction. The amplitude equations can be significantly simpler than the corresponding density matrix equations, particularly in the case of strong pulses where the perturbative theory limit is no longer applicable.
The spatially modulated hyperfine coherence o(G, G') (G ~ G') can be produced "directly" during the excitation pulse via two-quantum processes or "indirectly" following the pulse via spontaneous decay from the upper state. The contributions from spontaneous decay depend on the value of the energy denominator 
9(H, g') --+ o(G, a').

If
then one can also neglect contributions from the spontaneous decay of the hyperfine off-diagonal elements of the excited state density matrix. The approximations (19, 20) , which are approximately satisfied for Na, simplify the numerical calculations.
As an example we calculate the MGFID and MGE signals exactly and using approximations (19, 20) for an initially unperturbed ground state and lin ± lin polarization of the pumping pulses (e °) = :~, g(2) = ~). The probe is polarized along :~, and component of the signal polarized in the ~-direction is monitored.
The most intense emission is on the transition G = 2 --, H= 3, where the average polarizations associated with the MGFID and MGE signals are Table 2 . The same as in Table 1 for Fourier harmonics in the decomposition (15b) of the MGE signal 153 The oscillating dependencies of the radiation on tp for the MGFID and on tp and T for the MGE are shown in Figs. 3 and 4 , respectively. The values of the Fourier harmonics (14c) and (15c), used for these plots, are presented in Tables 1 and 2, respectively. Condition (20) is necessary to resolve the hyperfine structure; if condition (20) is not satisfied, one has to consider the total signals. Even though we present results for the various hyperfine components, the total signals can be constructed from the values of the average polarizations (21), relative weights (22) and the harmonic amplitudes given in Tables 1 and 2 .
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Using excitation schemes involving ultrafast pulses, we have shown how the MGFID and MGE signals can be used to obtain information on the various hyperfine splittings. The coherent signal that is generated contains spectral components at spacings corresponding to the various hyperfine transition frequencies. To eliminate effects related to Doppler broadening, we have considered only the limiting case of atoms cooled to or below the Doppler limit of laser cooling, for which F>>ku. If ku>>F, the various spectral components can be resolved only for hyperfine splittings greater than 2ku. On the other hand, even ifku>>F, the MGE signal for t = tp = 2T is essentially Doppler-free. As a consequence, one can monitor collisional shifts of ground state hyperfine transitions using the MGE technique. 
where {i i!} is a 9-J symbol. Consider first the interaction of an atom with the ultrafast pulse (lb). The density matrix equations have been given previously [20, 21] . Neglecting hyperfine splitting and radiative processes during the pulse, one arrives at 
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{:"} is a 6-J symbol and the time derivatives are total time derivatives in the sense that
where v is the atomic velocity. One can express the coherence AKo~:.~, qe.e.ta, J') in terms of the excited and ground state density matrix elements to arrive at the system of integral equations a ld, and conditions (3) have been invoked. In general, for arbitrary quantum numbers of the atomic levels and field polarization, one can reach an analytical solution of (A9) in perturbation theory, when (J) ZJ'S r << 1.
Solving (A9) to fourth order in the parameter (A12), and applying (A1), one finds a change in density matrix elements
Ao~(F, F') = o{(F, r'; +)-O~_(F, g'; -),
where 0~(F, F'; =k) are the density matrix elements just after and before the field action, given by: 
is a fourth-order coupled polarization tensor. In deriving these equations it was assumed for simplicity that the envelope function q/(t) is real, equals 1 at t=0, and is related to the pulse duration r by There is no summation over J1 and J2 in (A13c, A13e). We now consider the free evolution of the density matrix. The multipoles of the ground and excited states evolve as [21] ~ (G, G') = -icoca, o~(G, G') + F~K)(H, g' ; G, G')
where (H, H' ; G, G'),
and P~H is a reduced element of the dipole moment operator.
In the free evolution period, there are generally nonzero initial values for density matrix elements 0~(G, G'), 
o~(G,H), o~(H, H'). Then, in a time
If one considers the evolution of the spatially nonhomogeneous part of the density matrix (spatial harmonics) it is usually necessary to include Doppler. shift terms in the energy denominator in (A18). This shift is different for different harmonics; however, for atoms cooled below the Doppler limit of laser cooling, owing to inequality (5), these shifts can be neglected. By piecing together the solutions (A13) and (A18) one can construct the ground state density matrix induced by the ultrafast pulses. To monitor the spatial harmonics of the ground state density matrix one can scatter the probe pulse (12) from the medium. The pulse induces a polarization N having frequencies corresponding to the different hyperfine transitions and wave vectors combined from the probe field k v and those corresponding to the different harmonics of the ground state density matrix which were prepared before the probe field's action. The circular components of the positive frequency part of the polarization are given by = (-
where 0~ (G, H) is determined by an equation [23] analogous to (A5c) with the probe as a driving field, i.e.,
O~ (G, H) = -(F/2-i~ono)O ~ (G, H)
-I-i,~i(Opt-kp" r)t%,(P) h* ( _ 1)G+ G' (~q(g)), (A20)
In contrast to (A5c), (A20) is written using the basis (11), incorporates decay terms, and neglects any contribution from the excited state density matrix elements since they vanish at the time of application of the probe pulse. For a probe pulse with real envelope function ~,p(t), 
where rp = r-v(t-tp) is the atomic radius vector at the time of the probe pulse and (...) indicates an average over velocities. We now choose a specific field geometry in which kl = -k2 = kp = k~. For the backward scattering off the grating (4) prepared by the one pumping pulse, i.e., for the MGFID, one gets from (A13a, b) and (A18)
~@~ = i~p ]p],sl 2Z(j2)[/~(JI' )J]* Tp T2 exp [--F/2(t-t o -i kz -iQptp] x (exp [ikv(t + tp)])PHo(tp)
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